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Abstract
We argue that Poincare´ symmetry can be implemented in NCFT if
we allow the parameter of noncommutitive deformation θµν to change
as a two-tensor under the corresponding space-time symmetry. The
implementation is consistent with the definition of θµν in terms of
space-time coordinates and with the Moyal star product. Inspired
from the standard definition of a variational symmetry we found a
universal way to correct the implementation of the Poincare´ symmetry
by a term proportional to the variation of θµν in such a way that
the new transformation define a symmetry of the theory. Finally we
present as an example the case of NCYM theory and comment about
the obstructions to implement generalized space-time symmetries in
NCFT like conformal or diffeomorphism transformations.
1 Introduction
The implementation of space-time symmetries in noncommutative field the-
ory has been discussed by many authors in the last years. Among the ob-
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struction for such implementation we have a fundamental restriction: if we
define noncommutativity through the deformed commutation relation
[xµ, xν ]⋆ = x
µ ⋆ xν − xν ⋆ xµ = iϑθµν , (1)
where θµν is a constant antisymmetric matrix and we perform an infinitesi-
mal space-time transformation given by xµ → x′µ = xµ + ξµ(x) with ξµ an
arbitrary function, we have
[x′
µ
, x′
ν
]⋆ = iϑθ
µν + iϑ(θρν∂ρξ
µ + θµρ∂ρξ
ν) +O(ξ2). (2)
The invariance of the relation (1) implies then θρν∂ρξ
µ + θµρ∂ρξ
ν = 0. This
restriction implies in turn a violation of Lorentz symmetry [1]. We have
then different perspectives to work with symmetries in noncommutative field
theories: To accept from the beginning that Lorentz symmetry is lost with
all the consequences that this breakdown carry on the formulation of a given
field theory or to explore other alternatives like the possibility that θµν(x)
depend on the space-time point. Other approaches are based on the change
of the very definition of space-time symmetry transformation in NCFT.
The noncommutative parameter θµν can be considered as a matrix with
numeric fixed entries or as a two tensor under the space-time transformation.
In each case the physical interpretation of the “coordinates” xµ changes. An
example of consistent implementation of (1) in field theory is the so called
Snyder space [2, 3] where the Lorentz symmetry is preserved. The price to
pay for the explicit Lorentz invariance is that θµν is not anymore a constant
matrix but instead it is related with the generators of the Lorentz group Jµν .
The first attempt to show by hand that in fact it is possible to implement
the invariance of NCFT under Poincare´ transformations using functional
derivatives and standard tools of variational calculus was given in [4]. But
the implementation of space-time symmetries in NCFT is a delicate program.
The action of symmetries in a noncommutative space-time is plagued with
problems of consistence as the question about if the product that define the
new deformed algebra (⋆ product) change or not under the proposed space-
time symmetry. In this work we will restrict ourselves to transformations
that do not change the ⋆ product. Other open problems are the meaning
of the integral measure in Moyal space, the implementation of variational
calculus in noncommutative space-time, the consistent deformation of gauge
transformations and the gauge fixing procedure. In the last years a renewed
interest in the search of different ways to define transformation rules that
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implement symmetries of NCFT have produced some important advances.
Perhaps the better idea that we have at hand until now is the Drinfeld twist
applied to the above deformation of standard Field Theories. As a result we
have now a new concept of space-time symmetries called twist symmetries
[5, 6]. One of the nice properties of these symmetry transformations is that
we can use them to implement Lorentz transformations in a given NCFT.
Twisted space-time symmetries was used to implement diffeomorphisms
in noncommutative versions of Einstein gravity. We are still too far for a
clear understanding of how these symmetries apply to gauge theories and/or
curved space Field Theories. In these cases we have good reasons to say
that they are not consistent symmetries, at least if we insist in the Moyal
deformation with a constant θ. Among the problems that arise when we
try to implement twist symmetries in curved space we can mention that in
order to define a co-product in the associated Hopf algebra of the symmetry
algebra we need translation operators Pµ that commute among themselves
but if we have a group manifold that define a gauge transformation or a
curved space-time these translation operators must be changed by covariant
derivatives that in general do not commute among themselves. In that in-
stances (gauge or curved space-time) all that we can do is to construct non
associative algebras. A different proposal for the construction of a consis-
tent noncommutative Einstein gravity is [7] where we have implemented the
symmetry under translations following the rules of this note.
At least for the simple case of global space-time symmetries the situation
is under relative control. Nevertheless we still have some open problems in
our understanding of this relatively more easy problem. One is the implemen-
tation of the Noether theorem for this class of symmetries and the analysis
of the associated Noether currents. Another important problem is that twist
symmetries are very difficult to implement as variational symmetries because
we do not have a corresponding variational approach in algebras where the
co-product is not the trivial one. Recent attempts to overcome and/or try
to understand better these issues are [8, 9, 10]
The formulation of local (gauge) symmetries on flat noncommutative
space-time is also a delicate issue. Most gauge groups can not be defined on
noncommutative space-time, because they do not close under the ⋆-product.
Nevertheless the noncommutative unitary group U⋆(N) can be defined in a
consistent way. Its representations, however, are limited by a no-go theorem
[11, 12, 13].
In the general case (for a different gauge group) the associated envelop-
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ing algebra could have infinite gauge parameters and infinite gauge fields.
Nevertheless and by fortune there exist a field redefinition from the original
NCFT to a new effective theory which allow us to show that in fact there are
not too many parameters and fields because we can relate the coefficients of
the generators of the enveloping algebra in such a way that we have the cor-
rect number of gauge parameters corresponding to the given gauge group1.
In this way we can extend the possible noncommutative gauge groups to
include special unitary groups as well: indeed, noncommutative gauge the-
ories with gauge fields valued in the enveloping algebra of su(n) has been
constructed and a corresponding noncommutative version of the Standard
Model has been worked out [14, 15, 16]. Also, using this approach to NCFT
we can study all the space-time symmetries of Noncommutative Yang-Mills
theory in flat Minkowski space. In four dimensions the special conformal
transformations and dilatations are obstructed. The Poincare´ transforma-
tions are also restricted to the subgroup that preserves the constant matrix
θµν [17].
The Seiberg-Witten map can be constructed from a modern point of view,
where NCFT is considered as a consistent deformation of standard commu-
tative field theory or from low energy limits of string theories with modified
backgrounds [18]. This map provide another approach to the noncommuta-
tive gauge theories. In its simplest presentation it relate a noncommutative
U⋆(N) gauge theory to a commutative one, obtained as low-energy effective
limit in string theory, by using two different regularization methods (the
point-splitting method and the Pauli-Villars method, respectively).
The fact that a given NCFT can be mapped to a commutative effective
field theory with infinite new vertices open new questions related with the im-
plementation and significance of symmetries and conserved currents in each
side of this mapping. In particular problems like what is the relation, if any,
between a twisted version of a space time symmetry on the noncommutative
theory with the standard space time symmetry ? It is possible to define a
conserved current (symmetry) in the commutative side and then return to the
noncommutative theory using the SW field redefinition and obtain the corre-
sponding noncommutative version of the conserved current (symmetry)? Is
the resulting symmetry a twisted symmetry? As we know, symmetries and its
associated conserved currents differ at most by trivial symmetries (conserved
1A consistent truncation of the gauge enveloping algebra is also possible [19].
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currents) after field redefinitions2. We can naively expect that the standard
symmetries (conserved currents) will work on either side, again up to trivial
symmetries (conserved currents). Unfortunately this is not the case and this
is an interesting open problem. The associated problems with gauge trans-
formations like the implementation of the Dirac algorithm for constrained
theories, the relation between first class constraints and gauge symmetries
and the gauge fixing procedure are also interesting open problems in NCFT.
As a first step toward an answer to these questions we propose a consistent
implementation of Poincare´ symmetry in NCFT based on previous experi-
ences on twist and variational symmetries. We will work with the effective
description of the NCFT given after the SW map. This theories are formu-
lated in terms of standard fields (as opposed to noncommutative fields) and
where the usual technics of variational derivatives can be used. Our approach
is classical and its goal is to have a better understanding of symmetries, vari-
ational principles and eventually a Noether theorem in NCFT.
We want to stress here the fact that it is possible to construct a consis-
tent NCFT with manifest Lorentz invariance allowing that the ∂µ transform
as space-time vectors and θµν transform as a two-tensor. In this way the ⋆
product is invariant. We can then compare this analysis with the variational
and twist implementation of symmetries. In our setup θ itself is not invariant
but quantities like θµνθµν , pµθ
µνkν are Lorentz invariant so we can still have a
fundamental “scale” and an S matrix that could be Lorentz invariant. In the
next section we will review the definition of twist symmetries from a physical
motivated setup. In section 3 we will present our central idea: a proposal
of a modified variational implementation of noncommutative symmetries in
NCFT. Here we will study the transformation properties of the ⋆ product
under space-time mappings showing that they are severely restricted if we
want invariance of the ⋆ product under space-time transformations. We will
also present the variational implementation for the allowed space-time sym-
metries and relate our result with the one obtained using twist symmetries.
In section 4 we work the example of NCYM theory and show how the imple-
mentation of Poincare´ symmetry can be done. The last section 5 is devoted
to discussion and comments about the relation of our work with other works
whose aim was to implement also consistent space-time symmetries in NCFT.
As a final comment we like to mention other structural problems in the
formulation of NCFT like the UV/IR mixing, causality, unitary and non-
2For a modern presentation of the Noether theorem in FT see [20].
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locality. In particular, the UV/IR mixing ruins the possibility to apply
renormalization theory in NCFT. For a recent discussion about this interest-
ing topic see [21].
2 Twisted space-time symmetries defined from
covariance of the star-product
In the following we will remind the reader with the basics of a physical
motivated introduction to the concept of twisted symmetry. For details see
[22]. We present also the notation and some relevant aspects of the standard
derivation of twisted symmetries from Hopf algebras.
Consider a space-time diffeomorphism generated by a vector field ξ(x) =
ξµ∂µ and two fields Φ1,Φ2 transforming according to its own finite represen-
tation R1, R2 given explicitly in terms of some differential operators
Φ′1,2 = D1,2(ξ)Φ1,2
Denoting as m the ordinary product of fields acting on the associated bi-
algebra and by m⋆ the corresponding ⋆ product we can write the definition
(φ ⋆ ψ)(x) = m⋆(φ⊗ ψ)(x) = m[F
−1(φ⊗ ψ)](x)
where
F−1 ≡ exp (
iϑ
2
θαβ∂α ⊗ ∂β) =
∞∑
n=0
(iϑ/2)n
n!
θµ1ν1 · · · θµnνn (∂µ1 · · ·∂µn ⊗ ∂ν1 · · ·∂νn) .
(3)
We will require a basic condition on the transformation properties of the ⋆
product of two fields that in fact can be considered as the definition of the
action of a twisted diffeomorphism:
The ⋆ product of the two fields Φ1 ⋆Φ2 transform in the product of the above
representations R1 ⊗R2.
(4)
i.e, we require that the ⋆ product of two tensor fields transform covariantly,
T1
(p1)
(q1)
(x) ⋆ T2
(p2)
(q2)
(x) transform as a tensor of type (p1+ p2, q1+ q2)
3. This can
3A twist for a vector space V is defined as a map T : V ⊗ V → V ⊗ V such that for vi
a base in V , vi ⊗ vj 7→ T (vi ⊗ vj) = M
kl
ij vk ⊗ vl.
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be achieved by imposing (4) in the definition of the star-product of the two
given fields,
(F−1Φ1 ⊗ Φ2)
′ = [D1(ξ)⊗D2(ξ)](F
−1Φ1 ⊗ Φ2) = F
′−1Φ′1 ⊗ Φ
′
2 (5)
which implies in turn that F changes under the diffeomorphism as
F ′
−1
= [D1(ξ)⊗D2(ξ)]F
−1[D−11 (ξ)⊗D
−1
2 (ξ)] (6)
The infinitesimal version of (6) is
δξF
−1 = F−1
∞∑
n=1
(−iϑ/2)n
n!
θµ1ν1...θµnνn{[∂µ1 , [∂µ2 , ...[∂µn , δξ,1]...]]⊗∂ν1∂ν2 ...∂νn
+∂µ1∂µ2 ...∂µn ⊗ [∂ν1 , [∂ν2 , ...[∂νn , δξ,2]...]]},
where δξ,1,2 are the infinitesimal versions of the differential operators D1,2.
Therefore the transformation of the star-product of Φ1 and Φ2 is given by
δξ(Φ1(x) ⋆ Φ2(x)) = m[F
′−1Φ′1 ⊗ Φ
′
2]−m[F
−1Φ1 ⊗ Φ2]
= δξ,1Φ1(x) ⋆ Φ2(x) + Φ1(x) ⋆ δξ,2Φ2(x) + Φ1(x)(δξ⋆)Φ2(x) (7)
where
Φ1(x)(δξ⋆)Φ2(x) =
∞∑
n=1
(−iϑ/2)n
n!
θµ1ν1 ...θµnνn{[∂µ1 , [∂µ2 , ...[∂µn , δξ,1]...]]Φ1⋆∂ν1∂ν2 ...∂νnΦ2
+ ∂µ1∂µ2 ...∂µnΦ1 ⋆ [∂ν1 , [∂ν2, ...[∂νn , δξ,2]...]]Φ2} (8)
As a result of the deformation the infinitesimal transformations are not acting
as derivations (Leibniz rule) on the ⋆ product of two fields. In fact we can
read this last relation as a change in the ⋆ product given by the action of the
space-time transformation. But notice the important fact that the change
in the ⋆ product is an induced change by the transformation properties of
the fields. As we can not change the algebra itself under the action of a
symmetry group because the concept of symmetry as an homomorphism
of the algebra of functions is meaningless, we prefer to adopt this second
perspective and read the relation (8) as an induced change that comes from
the definition of the transformation properties of the fields. In this way we
can see that this result exactly matches the one obtained by the deformation
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of the coproduct of the associated Hopf algebra. Indeed, the deformation
of the coproduct can be read from the transformation induced on the star-
product by the requirement (4). But notice that the construction presented
here is self contained and is independent of the algebraic construction based
on the twist of a given Hopf algebra.
Let us remark that the result (7) codifies the action of a space-time trans-
formation on the product of two fields. The action of the transformation on
the fields is not changed and corresponds to the usual one. In particular
Poincare´ transformations act in the usual way on fields but are deformed
when they act on the ⋆ product of two or more fields. It is a nice imple-
mentation of the transformation if we have present that the ⋆ product itself
does not change under the given diffeomorphism. This last statement is just
a postulate that we need for the general consistence of the deformation pro-
cedure. The usual way to implement the invariance of the star product is
to enforce the condition that θµν and the space-time partial derivatives do
not change under the diffeomorphism ξ. In particular if Φ transform in the
representation R then ∂µ1 ....∂µnΦ transform under the same representation
as Φ. This may sound to radical but in fact is what we do when work with
twisted symmetries: the noncommutative parameter θ is a constant matrix
(not a (0,2)-tensor !) and the space-time coordinates xµ are scalars under the
diffeomorphism in order to be consistent with the definition of θ given in (1).
Under these assumptions it is easy to find that δξθ
µν = 1
iϑ
δξ([x
µ, xν ]⋆) = 0.
In particular, using this rules we can construct NCFT invariant under the
twisted Poincare´ algebra. As a bonus the symmetry algebra is not deformed
when acting on primary fields (the field content of the NCFT) and it can
be used for the standard definition and classification of particles according
to the finite representations of the underlying symmetry algebra. What we
are doing is changing the coproduct of the algebra but keeping the same
rules for the Lie product between its generators. It is not difficult to check
the twisted invariance of a standard NCFT, constructed in the usual way
from a given FT, if the original QFT already have the corresponding non
twisted invariance. What remains quite non-trivial is the problem of the
construction of the associated conserved currents and the construction of the
corresponding variational implementation of this type of symmetries. It is
not clear if the twisted symmetries constructed in this way can be used as
symmetry principles to construct consistent NCFT’s but nevertheless they
can be considered as a first step to achieve that goal.
The analogous presentation of the ideas of this section in the context
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of Hopf algebras can be resumed as follows: Consider the Lie algebra D of
diffeomorphisms, whose generators are vector fields. Take as the Hopf algebra
H the enveloping algebra U(D). Likewise the enveloping algebra of any Lie
algebra, the coproduct ∆ is first defined for elements h of D by ∆(h) =
1 ⊗ h + h ⊗ 1, and then multiplicatively extended to all of U(D) by means
of ∆(hh′) = ∆(h)∆(h′). Now consider the algebra of functions on spacetime
with the ordinary multiplication m(f⊗g) = fg and F = exp(− i
2
θµν∂µ⊗∂ν).
This F is clearly in U(D)⊗ U(D), and has an inverse
F−1 = exp( i
2
θµν∂µ ⊗ ∂ν)
The Moyal product is defined as
µ(f ⊗ g) = m
(
F−1 · (f ⊗ g)
)
= f ⋆ g . (9)
For the generators of translations, Lorentz transformations and dilatations [23]
the following expressions were obtained,
∆T (Pµ) = Pµ ⊗ 1 + 1⊗ Pµ
∆T (Mµν) = Mµν ⊗ 1 + 1⊗Mµν
+ i
2
θαβ
[
(gµαPν − gναPµ)⊗ Pβ + Pα ⊗ (gµβPν − gνβPµ)
]
(10)
∆T (D) = D ⊗ 1 + 1⊗D − i θ
µνPµ ⊗ Pν .
These equations precisely show that ∆T (Mµν) and ∆T (D) are not derivations
of the Moyal product. From eq. (10) it was concluded that the Poincare´
group remains relevant in noncommutative field theory. The generators
Kµ of special conformal transformation could be added to the list of com-
puted ∆T (h) [23]. Now, because we are in the enveloping algebra, the method
applies to differential operators of any order. The method is thus a recipe to
encode the action of arbitrary differential operators with polynomial coeffi-
cients on Moyal products.
The previous remark leads in a systematic and simple way to compute
the twisted coproduct of the generator of any spacetime transformation. Let
us take an infinitesimal spacetime transformation generated by differential
operators of the form xµ1 · · ·xµN∂ν . In particular we can calculate
µ
(
∆T (x
µ1 · · ·xµN∂ν) · (x
α ⊗ xβ − xβ ⊗ xα)
)
= 0 .
where the space time coordinates are explicitly considered as scalars un-
der the given diffeomorphism. This calculation imply that θαβ remains un-
changed as we expected from the definition of the twist symmetries.
9
3 Modified Variational Implementation of space-
time symmetries
From the definition of symmetry as a map of the solution space onto itself of a
given field theory we require that the algebra of functions does not change. So
as a first step to implement symmetries in a noncommutative space-time we
will explore in this section the transformation properties of the star product
under space-time symmetries of the flat space-time metric, i.e., under the
transformation generated by the killing vectors of ηµν . A central point in our
analysis is that θµν will be considered as a (2, 0)-tensor under the space-time
transformations in contrast with the twisted version of the corresponding
transformation. We will see, using standard tools of variational calculus in
field theory that its is possible to give a consistent implementation of space-
time transformations in NCFT if we can find the subset of the symmetries
of a given background metric that leave invariant the ⋆ product.
In d dimensions the symmetries of the flat space-time metric satisfies the
killing equation
∂µξν + ∂νξµ =
2
d
ηµν∂σξ
σ (11)
The general solution to this equation is
ξµ = aµ + λµνx
ν + cxµ + bνηνρx
ρxµ −
1
2
bµηνρx
νxρ
corresponding to translations aµ, Lorentz transformations λµν , dilatations c
and special conformal transformations bµ.
If we restrict ourselves to the context where θµν is a constant only the
affine subgroup can be considered. The reason is that an infinitesimal change
in θµν given by any of the killing vectors of the flat metric have the generic
form
δθµν = −Lξθ
µν = −ξρ∂ρθ
µν + ∂ρξ
µθρν + ∂ρξ
νθµρ. (12)
If θ′µν = θµν+δθµν , it is easy to see that only the affine transformations xµ 7→
x′µ = xµ+ξµ, with ξµ = Bµνx
ν+aµ (where Bµν and a
µ are constants), leave θ′
independent of the space-time point. Hence, only the Weyl transformations
can be considered. Now we will show that the ⋆ product is also invariant
under this subclass of symmetries of the background.
We begin by exploring the change in F−1 under an infinitesimal Weyl
transformation. As F−1 is a bi-algebra operator and we need to extract
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a factor of the product of the two algebras in order to have a bi-algebra
operator of the same form as the original one, we conclude that the only
allowed diffeomorphims from the general solution of the killing equation (11)
are the terms at most linear in xµ. For this subclass of killing vectors (affine
or Weyl transformations) we will show that F−1 remains in fact invariant.
The change in F−1 is
F ′−1 ≡ exp (
iϑ
2
θ′αβ∂′α ⊗ ∂
′
β)
=
∞∑
n=0
(iϑ/2)n
n!
θ′µ1ν1 · · · θ′µnνn
(
∂′µ1 · · ·∂
′
µn
⊗ ∂′ν1 · · ·∂
′
νn
)
,
A generic term of order n in ϑ is
θ′µ1ν1 · · · θ′µnνn = (θµ1ν1 + δθµ1ν1) · · · (θµnνn + δθµnνn)
= θµ1ν1 · · · θµnνn + δ(θµ1ν1 · · · θµnνn)
= θµ1ν1 · · · θµnνn +
n∑
i=1
θµ1ν1 · · · δθµiνi · · · θµnνn ,
so the product of n partial derivatives can be written as4
∂′ρ1 · · ·∂
′
ρn
= (δσ1ρ1 − ∂ρ1ξ
σ1)∂σ1 · · · (δ
σn
ρn
− ∂ρnξ
σn)∂σn
= (δσ1ρ1 − ∂ρ1ξ
σ1) · · · (δσnρn − ∂ρnξ
σn)∂σ1 · · ·∂σn
=
(
δσ1ρ1 · · · δ
σn
ρn
−
n∑
i=1
δσ1ρ1 · · · (∂ρiξ
σi) · · · δσnρn
)
∂σ1 · · ·∂σn , (13)
where ∂ρξ
σ is a constant. The final result is
θ′µ1ν1 · · · θ′µnνn∂′µ1 · · ·∂
′
µn
⊗ ∂′ν1 · · ·∂
′
νn
= θµ1ν1 · · · θµnνn∂µ1 · · ·∂µn ⊗ ∂ν1 · · ·∂νn
−
n∑
i=1
[θµ1ν1 · · · θµnνn(δα1µ1 · · · δ
αn
µn
δβ1ν1 · · ·∂νiξ
βi · · · δβnνn
+ δα1µ1 · · ·∂µiξ
αi · · · δαnµn δ
β1
ν1
· · · δβnνn )
− θµ1ν1 · · · δθµiνi · · · θµnνnδα1µ1 · · · δ
αn
µn
δβ1ν1 · · · δ
βn
νn
]∂µ1 · · ·∂µn ⊗ ∂ν1 · · ·∂νn .
(14)
4With ∂′µ =
∂xν
∂x′µ
∂ν y
∂xν
∂x′µ
= δνµ − ∂µξ
ν .
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The i-th term in this expression can be written as
θµ1ν1 · · · θµi−1νi−1
[
δα1µ1 · · · δ
αi−1
µi−1
δβ1ν1 · · · δ
βi−1
νi−1
(
θµiνiδαiµi ∂νiξ
βi + θµiνi∂µiξ
αiδβiνi
− δθµiνiδαiµi δ
βi
νi
)
δβi+1νi+1 · · · δ
βn
νn
δαi+1µi+1 · · · δ
αn
µn
]
θµi+1νi+1 · · · θµnνn .
Using
θαiνi∂νiξ
βi + θµiβi∂µiξ
αi − δθαiβi = 0, (15)
and from (14) we have F ′−1 = F−1 so we conclude that ⋆′ = ⋆.
The equation (15) coincide with the definition of the transformation of θµν
as a constant (2,0)-tensor. We conclude that if we transform in a covariant
way θµν and the partial derivatives, the ⋆ product is invariant under Weyl
transformations. Unfortunately our argument does not apply in the case
of conformal transformations. Even though θ is different in each reference
frame, we can construct invariants using θµν and the background metric. For
example ηµαηνβθ
µνθαβ could be a good observable quantity in a given NCFT.
With the previous ideas in mind, we wonder if it is possible to construct a
variational implementation of space-time transformations that captures the
basic features of the twisted transformations but at the same time transform
θµν as a two tensor. Lets consider the twist transformation corresponding to
xµ 7→ xµ + ξµ with ξµ = Bµν x
ν and δξφ1(2) = −ξ
ρ∂ρφ1(2) . From (8) we have
φ1(x)(δξ⋆)φ2(x) =
(−iϑ)
2
θµν
(
[∂µ, δξ,1]φ1 ⋆ ∂νφ2 + ∂µφ1 ⋆ [∂ν , δξ,2]φ2
)
+O(ϑ2),
where [∂µ, δξ,1(2)]φ1(2) = −(∂µξ
ρ)∂ρφ1(2) = −B
ρ
µ∂ρφ1(2). It is easy to see that
if ξµ is linear in the coordinates, the higher order terms in ϑ are zero. So the
twisted rule for the implementation of a linear transformation is
δξ(φ1(x) ⋆ φ2(x)) = (−ξ
ρ∂ρφ1) ⋆ φ2 + φ1 ⋆ (−ξ
ρ∂ρφ2)
+ i
ϑ
2
(
θρνBµρ + θ
µρBνρ
)
∂µφ1 ⋆ ∂νφ2. (16)
What we want to remark here is that the last term in this result can be
obtained also from the variation φ1 ⋆ φ2 with respect to θ
µν . Notice that
δθµν ≡ −Lξθ
µν so we can define
δθ(φ1 ⋆ φ2) ≡
1
2
(δθµν)
∂(φ1 ⋆ φ2)
∂θµν
= i
ϑ
2
(
θρνBµρ + θ
µρBνρ
)
∂µφ1 ⋆ ∂νφ2,
12
where ∂θ
αβ
∂θµν
= δαµδ
β
ν − δ
α
ν δ
β
µ . As a consequence of this result we will see that
it is possible to implement in a universal way the Weyl group in a given
NCFT if at the same time we vary with respect to θµν . If the Weyl group
is a symmetry of the undeformed action then the resulting prescription that
we will construct here will be a symmetry of the corresponding NCFT.
Lets consider the standard variational implementation of space-time sym-
metries in field theory and the killing vector ξµ = aµ + λµνx
ν + cxµ =
aµ + Bµνx
ν , with Bµν ≡ λ
µ
ν + cδ
µ
ν . The variational derivative along ξ
µ
is
W φξ ≡ δξφa(y)
δ
δφa(y)
, (17)
with a an internal or space-time index. This variational implementation of
the symmetry along ξµ acts on the ⋆ product as
W φξ (U ⋆ V ) = (W
φ
ξ U) ⋆ V + U ⋆ (W
φ
ξ V ).
In NCFT the problem with this implementation of the variational derivative
is that the basic principle given by (4) is violated. For example if we have
two scalar fields φ1 y φ2 then
W φξ [φ1(x) ⋆ φ2(x)] = (W
φ
ξ φ1(x)) ⋆ φ2(x) + φ1(x) ⋆ (W
φ
ξ φ2(x))
= −ξα∂α(φ1(x) ⋆ φ2(x))− i
ϑ
2
(θρβBαρ + θ
αρBβρ )∂αφ1 ⋆ ∂βφ2,
where we used the indentities
xα(φ ⋆ ψ) = (xαφ) ⋆ ψ −
iϑ
2
θαβ(φ ⋆ ∂βψ)
= φ ⋆ (xαψ) +
iϑ
2
θαβ(∂βφ ⋆ ψ). (18)
This result imply that φ1(x) ⋆ φ2(x) does not transform as a scalar.
Nevertheless we can modify the definition of the variational derivative by
adding to it a term that takes into acount the variaton in θµν in such a way
that the new rule comply with the basic principle (4). The proposal is
Wξ ≡W
φ
ξ +W
θ
ξ , (19)
where the term W θξ acts on the product of two fields U ⋆ V as
W θξ (U ⋆ V ) = (W
θ
ξ U) ⋆ V + U ⋆ (W
θ
ξ V ) +
iϑ
2
(δθαβ)(∂αU ⋆ ∂βV ), (20)
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with W θξ U ≡
1
2
δθαβ ∂U
∂θαβ
, and δθαβ ≡ −Lξθ
αβ = ∂ρξ
αθρβ + ∂ρξ
βθαρ. It is easy
to see that with this modification the prescription (19) respects the tensorial
character of the fields. For example if Fˆµν = ∂µAˆν − ∂νAˆµ − i[Aˆµ, Aˆν ]⋆ then
WξFˆµν = −LξFˆµν . We can now recover the action of symmetries in NCFT.
The price to pay is that the prescription is not a derivation of the ⋆ product.
The relation (19) is a basic result of this note.
Comparing this result with twist symmetries defined in the previous sec-
tion we can see that the implementations are analogous in the sense that
they comply with the basic principle (4) but they are quite different because
the prescription (19) is variational and works with the fields of a given theory
in such a way that every space-time index is transformed in the usual way.
In contrast the twist symmetries acting on the ⋆ product of fields of two or
more fields do not transform θµν which is treated as a matrix. It is important
to remark that the implementation (19) only works for Weyl symmetries. In
this case the twist symmetries or the prescription (19) give the same result
and we can conclude that the correspondence of the twist symmetry after
the Seiberg-Witten map is the modified variational symmetry given here. A
recent approach along the same lines are [24, 25].
4 An example: Weyl invariance of Noncom-
mutative Yang-Mills Theory (NCYM)
For a given NCFT with gauge invariance we have two different approaches to
study the effects of a symmetry in the fields and in the corresponding non-
commutative action: the noncommutative theory in the Moyal space or the
equivalent theory in terms of commutative algebra after de Seiberg-Witten
map. In this section we will focus on this second approach.
Using this map the NCYM theory can be written in terms of an effective
Lagrangian with infinite local vertices and the standard local symmetry of
the Yang-Mills theory. If we denote by AˆBµ ≡ f
B
µ ([A], θ;ϑ) as the effect of the
Seiberg-Witten map on the gauge fields, then NCYM theory can be written
as
SYMNC = −
1
4
∫
(dx)4tr
[
FˆµνFˆ
µν
(
Aˆ = f([A], θ;ϑ)
)]
≡
∫
(dx)DLeff ([A], θ;ϑ),
(21)
To leading order in the deformation parameter ϑ the effective Lagrangian is
14
[17]
SYMNC =
∫
(dx)4(Lef(0)([A], θ) + Lef(1)([A], θ;ϑ) +O(ϑ2))
≡ −
1
4
∫
(dx)Dtr
(
FµνF
µν +
iϑθαβ
2
(−FαβFµνF
µν + 4FαµFβνF
µν) +O(ϑ2)
)
.
(22)
The next to leading order terms are in general complicated expressions that
include Aρ, Fµν and its derivatives [26, 27]. Nevertheless, we we can write
the effect of the Seiberg-Witten map of Fˆµν in the generic form
Fˆµν = Fµν + ϑθ
αβfαβµν + ϑ
2θα1β1θα2β2fα1β1α2β2µν + ...
=
∞∑
n=0
ϑnθα1β1...θαnβnfα1β1···αnβnµν , (23)
where fα1β1...αnβnµν contain Aρ, Fµν and its derivatives
5 (but not θ). Lets
define for each n = 0, 1, 2, . . . the functions
(n)
fµν≡ θ
α1β1...θαnβnfα1β1...αnβnµν (24)
(with
(0)
fµν≡ Fµν).
Using this notation the effective Lagrangian (21) is
Leff = −
1
4
∞∑
k=0
ϑkLeff(k), where Leff(k) =
k∑
i=0
(i)
fµν
(k−i)
fµν .
All the terms in the effective Lagrangian are of the generic form,
(n)
fµν
(m)
fµν , n,m ∈ {0, 1, 2, ... | n +m = k}, (25)
for k = 0, 1, 2, .... Our program is to show that if this generic term is invariant
under a global transformation (linear in xµ) the NCYM action (21) will be
invariant and the associated transformation is a symmetry. In particular this
will be the case for the Weyl transformations given in the previous section.
5With the “initial condition” θα1β1 ...θαnβnfα1β1...αnβnµν |n=0≡ Fµν = ∂µAν − ∂νAµ −
i[Aµ, Aν ].
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The Noether theorem can be written as,
δL
δφa
Qa + ∂µj
µ = 0.
where we want to implement the transformation φa 7→ φa + Qa([φ], x) as
a symmetry of the Lagrangian L([φ], x) and jµ is the associated Noether
current. In the case of (21) we have
δLef
δAAµ
QAµ + ∂µj
µ = 0.
The transformation QAµ can be written as a series in ϑ given by
QAµ ≡ Q
(0)A
µ + ϑQ
(1)A
µ + ϑ
2Q(2)Aµ + . . . ,
and the corresponding series for the conserved currents are
jµ = j(0)µ + ϑj(1)µ + . . . (26)
For each order k in ϑ we have consistence conditions. To zero order in ϑ these
equations imply the Weyl invariance of the usual Yang-Mills commutative
action, with Q
(0)A
µ ≡ δξA
A
µ = −LξA
A
µ y j
(0)µ = −ξµLef(0) To first orden in ϑ
we have
δLef(1)
δAAµ
δξA
A
µ +
δLef(0)
δAAµ
Q(1)Aµ + ∂µj
(1)µ = 0. (27)
with the trivial solution Q
(1)A
µ = 0 we can implement the transformation as
a symmetry of the noncommutative action up to first order in ϑ. A crucial
observation is that all this woks thanks to the fact that we are using Weyl
transformation and θ as a tensor. In the same way we can calculate the
associated Noether current j(1)µ to first order in ϑ .
A similar analysis was presented in [17] but taking θµν as a matrix (not
a tensor). The result of this authors is that the Poincare´ symmetry is ob-
structed and only a subset of this symmetry can be implemented. The restric-
tion over θ is Lξθ
µν = 0. When this restriction is valid the transformation in
question can be implemented as a “little global symmetry” of the theory.
As we will see our modified variational derivate (19) can be implemented
and is not obstructed. Applying it for the general term (24) and taking into
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account that ∂σξ
ρ is a constant and using [L, ∂µ] = 0, we have
Wξ
(n)
fµν= −
∑
k=0
∂µ1 ...∂µkLξA
A
α
∂
(n)
fµν
∂AAα,µ1...µk
−
1
2
Lξθ
αβ ∂
(n)
fµν
∂θαβ
= −Lξ
(n)
fµν
(∂AAα,µ1....µk ≡ ∂µ1 . . . ∂µkA
A
α ). Using Killing relations (11) we can write
δξ(
(n)
fµν
(m)
fµν) = −Lξ(
(n)
fµν
(m)
fµν) = −∂ρ(ξ
ρ
(n)
fµν
(m)
fµν).
So we can conclude that the consistence conditions (27) to any order in k
and ϑ are satisfied for QAµ = Q
(0)A
µ = δξA
A
µ and then the Weyl symmetry of
the noncommutative Yang-Mills theory is NOT obstructed.
5 Discussion: Covariance vs. Invariance
In this note we have presented an implementation of space-time symmetries
in NCFT that in particular can be used to formulate Lorentz invariant non-
commutative theories. A central point of our analysis was to consider θµν as
a two tensor in contrast with twist symmetries. In a second step we have
showed that Weyl transformation leave the ⋆ product invariant. Then we
have constructed a modified variational recipe (19) to implement symme-
tries. This modification to the variational derivative was recognized by [4],
where the authors gives a simple by hand argument that works fine for the
case of NCYM theory6. Here we have constructed a universal modification
applicable for any NCFT that was inspired in a physical motivated imple-
mentation of twist transformations. Our analysis can be justified also from
the following perspective.
Given the transformation of the ⋆ product
φ′1(x
′; θ′) ⋆′ φ′2(x
′; θ′) = (D1φ1(x; θ)) ⋆ (D2φ2(x; θ)) , (28)
where xµ 7→ x′µ = xµ+ ξµ y θµν 7→ θ′µν = θµν+ δθµν , we can define two types
of infinitesimal transformations [29]
γ(φ1 ⋆ φ2) ≡ φ
′
1(x
′; θ′) ⋆′ φ′2(x
′; θ′)− φ1(x; θ) ⋆ φ2(x; θ),
γˆ(φ1 ⋆ φ2) ≡ φ
′
1(x
′; θ′) ⋆′ φ′2(x
′; θ′)− φ1(x
′; θ′) ⋆′ φ2(x
′; θ′),
6The change in the noncommutative parameters is justified by making the observation
that we can interpret in two different ways the implementation of a Lorentz transformation
that correspond to active and passive transformations [28, 4].
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that in turn are related by
γˆ(φ1 ⋆ φ2) = γ(φ1 ⋆ φ2)− [φ1(x
′; θ′) ⋆′ φ2(x
′; θ′)− φ1(x; θ) ⋆ φ2(x; θ)].
In the particular case of Weyl transformations ⋆ = ⋆′, so we have
γˆ(φ1 ⋆ φ2) = γ(φ1 ⋆ φ2)−
[
φ1(x; θ) ⋆ (ξ
ρ∂ρφ2 +
1
2
δθαβ
∂φ2
∂θαβ
)
+ (ξρ∂ρφ1 +
1
2
δθαβ
∂φ1
∂θαβ
) ⋆ φ2(x; θ)
]
, (29)
The action of γ for a product of two fields is now
γˆ(φ1 ⋆ φ2) = φ1 ⋆
(
δ2,ξφ2 −
1
2
δθαβ
∂φ2
∂θαβ
)
+
(
δ1,ξφ1 −
1
2
δθαβ
∂φ1
∂θαβ
)
⋆ φ2 (30)
(δ1(2),ξ is the infinitesimal operator that correspond toD1(2)). As the variation
δθµν ≡ −Lξθ
µν and using (18) we can identify the operator
γˆ = δξ −
1
2
δθαβ
∂
∂θαβ
. (31)
This operator is a derivation of the⋆ product (fulfill Leibniz rule). This is
an important property of this differential operator but if δξ is a symmetry of
the theory is γˆ also a symmetry? If we take δξ as Wξ from (19), then γˆ acts
as a variational derivative (17). But, as we know, the variational derivative
is not a symmetry in NCFT. If we take in (31) δξ as a twist symmetry, then
δξθ
µν = 0 and γˆθµν = −δθµν . The operator (31) with δξ as a twist symmetry
was noticed by the authors of [30], where they try to implement the Weyl
symmetry in NCFT. Following the construction of [4] they implement the
generators Gξ = −ξ
ρ∂ρ from the standard Weyl group by adding a term
proportional to the induced change θ and defining the new generators as
Gθξ ≡ Gξ −
1
2
δξθ
αβ ∂
∂θαβ
. (32)
These generators satisfy the same algebra as the non deformed standard
Weyl Lie algebra and act as derivations over the ⋆ product for functions of
space-time that are also functions of θ. In this way they extend the space of
function of space-time to function of space-time and θ, f(x, θ) on which the
operators (32) can be implemented. This implementation is consistent for
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affine transformations. If we try to apply the same idea to general diffeomor-
phisms we find that the implementation of (32) as a symmetry is obstructed
because they do not comply with the Leibniz rule.
In contrast with the twist symmetries, the action of the generators (32)
is given by
m⋆(∆⋆(G) ⊲ f ⊗ g) = G
θm⋆(f ⊗ g) +
1
2
δξθ
µν ∂
∂θµν
m⋆(f ⊗ g),
withm⋆(f⊗g) = f⋆g, and ∆⋆ the deformed coproduct. From our perspective
this result enforce the idea that the twist symmetries and the symmetries
generated by γˆ + 1
2
δξθ
µν ∂
∂θµν
(the analogous of Gθξ +
1
2
δξθ
µν ∂
∂θµν
= Gξ) with γˆ
las the variational derivative (17) give the same result when they act on the
⋆ product of two or more fields.
In contrast with the result presented in [30], we state that Gθξ, or γˆ pre-
sented in our analysis does not generate space-time symmetries since the
action of γˆ as the variational derivative (17) are derivation with respect to
the ⋆ product. If we realize δξ in (31) as a space-time symmetry γˆ could be
also a symmetry if 1
2
δθαβ ∂
∂θαβ
is a divergence of some space-time function.
But as we see, in general this is not the case. So we conclude that it is
not possible to have at the same time space-time transformations that are
symmetries of a given action in NCFT and derivation with respect to the ⋆
product.
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